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Abstract. We give a modular branching rule for certain wreath products 
as a generalization of Kleshchev's modular branching rule for the symmetric 
groups. Our result contains a modular branching rule for the complex reflection 
groups G(m, l,n) (which are often called the generalized symmetric groups) in 
splitting fields for Z/mZ. Especially for m = 2 (which is the case of the Weyl 
groups of type B), we can give a modular branching rule in any field. Our proof 
is elementary in that it is essentially a combination of Frobenius reciprocity, 
Mackey theorem, Clifford's theory and Kleshchev's modular branching rule. 

1. Introduction 

Given a sequence of groups such as Go C Gi C G2 C ■ • ■ , branching rule for this 
sequence is the rule that "describes" ReSg™ +1 (V) for G n +i-module V or lndg" +1 (W) 
for Gn-module W . Let us review the case of the symmetric groups {G„ = S n }„>o 
with the default embedding of & m into & n for m < n, that is the embedding 
with respect to the first m letters. In characteristic zero, we can summarize the 
classically known branching rule as follows (for the details, see Theorem 13.30 . 

• for any irreducible 6„+i-module V, Res2" +1 (T^) is multiplicity- free. 



Young's lattice controls the structure of ReSg' l+1 (V) as G„-module 



Here the meaning of the word "multiplicity-free" is not ambiguous because ReSg" +1 (V) 
is completely reducible in characteristic zero. 

Recently, A.Kleshchev successfully discovered and proved its analogue in positive 
characteristics which is now known as Kleshchev's modular branching rule |KllllK12l 
IK13I IK14| . The language of quantum groups and Kashiwara's crystal bases HK 
IKas| lets us state Kleshchev's modular branching rule in chacateristic p > suc- 
cinctly and beautifully as follows (for the details, see Theorem 13. fi[) . 

• for any irreducible 6 n +i-module V, Soc(ReSg" +1 (V)) is multiplicity-free. 

• the crystal basis B(Aq) of the fundamental irreducible C/ 9 (g( J 4p 1 ^ 1 ))-module 

i(A ) controls the structure of Soc(ReSg^ +1 (V)) as S„-module. 

Here for an A-module X we denote by Soc(Y) the largest completely reducible 
A-submodule of X. 

We generalize the above Kleshchev's modular branching rule for the symmetric 
groups to certain wreath products. Let G be a finite group and F be its splitting 
field and further assume that any irreducible FG-module is 1-dimensional. We de- 
note by a the number of inequivalent irreducible representations of G. For example, 
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if G is a p-group then a = 1 . The main result of this paper is succinctly stated as 
follows (for the details, see Theorem 15 .2f) . 

• for any irreducible G I 6„+i-module V, Soc(ReSg|g™ +1 (V)) is multiplicity- 
free. 

• the crystal basis of U q (Q(A< p 1 l 1 ))® a (^ [/ g (g((A^ 1 )® Q )))-module L(A )® Q 
controls the structure of Soc(Res^g^ +1 (V j) as G I ©„-module. 

Here for simplicity we assume char F = p > 0, but our result also contains the 
case of char_F = 0. Note that our result contains a modular branching rule for the 
complex reflection groups G(ra, l,n) = (Z/mZ) I & n (which are often called the 
generalized symmetric groups) in splitting fields for Z/mZ. Especially for m = 2 
(which is the case of the Weyl groups of type B), we can give a modular branching 
rule in any field. 

We recall a known generalization of Kleshchev's modular branching rule. Let 
A be a positive integral weight of U q (g(A < ^]_ 1 )) and consider the inductive system 
of the cyclotomic degenerate Hecke algebras {7i^} n >o |K161 Chapter 7]. Then the 
following holds |K16| . See also |Aril IBrul IGVj . If we take A = A then we get 
Kleshchev's modular branching rule for the symmetric groups. 

• for any irreducible 7^ +1 -module V, Soc(Res^ +1 (V")) is multiplicity-free. 

• the crystal basis B(X) of U q (Q(Ap_ 1 ))-module L(X) controls the structure 
of Soc(Res^ +1 (V0) as ^-module. 

It should be noted that the different crystals appear in modular branching for 
the wreath products and for the Hecke algebras. Although known proofs for the 
Hecke algebra case require the recent advances in modular representation theory 
actively involving other areas such as quantum groups, our case is elementary in that 
our proof is essentially a combination of Frobenius reciprocity, Mackey theorem, 
Clifford's theory and Kleshchev's modular branching rule. 

Acknowledgements The author would like to thank professor Masaki Kashiwara 
and Susumu Ariki for valuable comments. 

Notations and conventions In the following discussion of this paper, we assume 
for simplicity that any group is finite and any module is finite dimensional. 

• For a finite dimensional algebra A, we denote by Irr(A) the set of isomor- 
phism classes of irreducible A-modules. 

• For an A-module V, we denote by [V]a the isomorphism class of A-modules 
isomorphic to V. If A is clear from the context, we often omit the suffix. 

• When we say directed graphs without modifiers, it means directed graphs 
with no loops nor no multiple-egdes. We write directed graph as X = (V, E) 
where V is the set of vertices and E C V x V is its adjacent relation meaning 
there is a directed arrow from v\ to V2 if and only if (vx,V2) G E. 

• Let I > 2 be a positive integer. A partition (Ai, • • ■ , Afe) is called ^-restricted 
if Xi — Aj+i < I for any 1 < i < k. It is called Z-regular if its conjugate 
partition is Z-restricted. All the partitions are defined to be 0-restricted and 
0- regular. 
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• Let p > be a prime number and G be a group. A conjugacy class of G is 
called p-regular if the order of (one of or equivalently all of) its elements is 
prime to p. All the congugacy classes of G are defined to be 0-regular. 

• For a given sequence of non- negative integers ri = (m, • • ■ ,n a ) such that 
y^p—i np = n (such r? is called a composition of n), we denote by the 
Young subgroup of & n , that is 

® ri = >n} X ®{ni+l,— ,m+n 2 } x ' ' ' x ©{n-n^+1,— ,n} 

— ©ni X • • • X © n/3 ■ 

2. Definitions 

Definition 2.1. Given afield F and an inductive system of groups 3 = ({G„}„>o, {<p ; 
G n — » G n +i}n>o)i we define modular branching graph Mp(3), which is a priori 
a directed graph with multiple- edges, as follows. 

• the vertices are the elements of | | I rr (FG n ). 

n>0 

• for two vertices [W] 6 lrr(FG„) and [V] G lrr(FG n+ i) ofM F (3), there are 
dimRom FGn {W,ReSp^l +1 V) edges from [W] to [V]. 

IfMp{3) has only single-edges, we say that 3 is socle multiplicity-free over F. 

Remark 2.2. Note that for FG n -module W and FG n +i -module V we have 
dimHom Gn+1 (lnd^ +1 (WO,F) = dimHom G „(W, Res^ +1 {V)) 
= dim Hom Gn+1 (V* , I nd% n n +1 (W*)) = dim Hom Gii (Res^ +1 (V* ),W*) 

by Frobenius reciprocity and Nakayama relations. Hence the natural 4 choices for 
the definition of modular branching graph all coincide with each other if all the 
irreducible FG n -modules are self- dual for each n. 

Remark 2.3. There is yet another natural definition of modular branching graph 

G G 

that replaces dimHomc„(W / , Res G " +1 V) by [Res G " +1 V : W\. For the symmetric 
groups case {G n = 6 n }n>0; Kleshchev partially succeeded in describing this |K17| 
(and as a corollary we know that the decomposition number of & n in positive char- 
acteristics can be arbitrary large ), and Kleshchev also showed that knowing this type 
of modular branching graph is as hard as knowing the decomposition numbers K15 . 

Definition 2.4. Let Xi = (Vi, E±), ■ ■ ■ ,Xk = (Vk,Ek) be k directed graphs. We 
define the directed graph X\ * • • • * Xk — (V, E) as follows. 

• V = Vi x ••• x Vfe. 

• ((i>i, • ■ ■ , Vk), (wi, ■ ■ ■ ,Wk)) 6 E iff there exists unigue 1 < j < k such that 
(vj, Wj) G Ej and Vji — Wj< for all j' ^ j . 

Especially when X\ = ■ ■ ■ = Xk = X . we write X\ * ■ ■ ■ * Xk = X* k . 

3. Representation theory of the symmetric groups 

We shall first recall the representation theory of the symmetric groups. It is 
well-known that for each partition A of n, we can construct Z-free, Z-finite rank, 
Z6 n -modulc S x which is called the Specht module Jam, Chapter 4]. Each S x has 
an ©^-invariant symmetric bilinear form. For any field F, we write S F = F <8>z 
and denote by D F the quotient of S F by the radical of its invariant form. It is also 
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well-known that D F = S F if char F = |Jaml Chapter 4] . The following is the 
fundamental theorem of the representation theory of the symmetric groups. 

Theorem 3.1 f |Jaml Theorem 11.5]). Suppose that our ground field F has char- 
acteristic p(> 0). As /i varies over p-regular partitions of n, D F varies over a 
complete set of inequivalent irreducible F& n -modules. Each D F is self-dual and 
absolutely irreducible. Every field is splitting field for ©„. 

Definition 3.2. We denote by & the inductive system of the symmetric groups 

& = (6o C 6i C 6 2 C - ..) 

Here if m < n, the default embedding of & m into & n is with respect to the first m 
letters. 

Theorem 3.3 f [Jaml Theorem 9.2]). For any field F of characteristic zero, & is 
socle multiplicity-free over F. Moreover, the map Bo — » Bf(S),A i— » [S x ] is an 
isomorphism as directed graphs where Bo = (Vo,Eq) is the directed graph obtained 

def 

from the Young's lattice V = {A h n \ n > 0}(= Vq) in the trivial manner. 

Theorem 13.31 is known as the classical branching rule. Its analog in positive 
characteristics is known as Kleshchev's modular branching rule. First we introduce 
the necessary terminology. 

Definition 3.4. Let I > 2 be a positive integer and i G ZjVL. Note that the 
following definitions depend on this given I. Let X be a partition. We identify the 
partition A with the Young diagram of shape X, that is {(r, s) £ Z>o x Z>o|s < A r }. 

(1) For a node A — (r, s) € Z>o xZ>o, we define its residue to be —r+s+ll* £ Z/ZZ. 

(2) A node A inside X is called i-removable if the residue of A equals i and X \ {A} 
is still a Young diagram. 

(3) A node A outside X is called i-addable if the residue of A equals i and X U {A} 
is again a Young diagram. 

(4) Now label all i-addable nodes of X by + and all i-removable nodes of X by —. 
The i-signature of X is the sequence of pluses and minuses obtained by going along 
the rim of the Young diagram from bottom left to top right and reading off all the 
signs. 

(5) The reduced i-signature of X is the sequence of pluses and minuses obtained 
from the i-signature of X by successively erasing all neighboring pairs of the form 
— h Note that the reduced i-signature of X always looks like a sequence that starts 
with +s followed by —s. 

(6) Nodes that correspond to +s of the reduced i-signature ofX are called i-conormal. 

(7) The node that corresponds to the rightmost + of the reduced i-signature of X is 
called i-cogood. It is the rightmost i-conormal node. 

(8) We set fi(X) = ff {i-conormal nodes of X}. 

(9) If ipi(X) > 0, we set fi(X) = X U {A} where A is the (unique) i-cogood node. 

Definition 3.5. Let p be a prime number. We define the directed graph M p = 
(V p ,E p ) where V p = {A S V \ X is p-regular} and the adjacent relation E p = 
{(A, fi)eV p xV p \ 3i e Z/pZ, <^(A) > and f,(X) = u}. 

The following is the form of Kleshchev's modular branching rule that we use. 

Theorem 3.6 ([Ell EU). For any field F whose characteristic is p > ; & is 

socle multiplicity-free over F. Moreover, the map B p — > Bf(S),A [D F ] is an 
isomorphism as directed graphs. 
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4. Representation theory of wreath products 

Let G be a group and F be a splitting field for G. We write Irr(FG) = 
{[Vi], • • • , [V Q ]}. Definitions in this chapter depend on these datum. 

Recall that the wreath product Gl& n is the semi-direct product G n XgSn where 

9 : & n — > Aut ((?"), a i ^ 6(a)((gi,- ■■ ,g n )) = (50-1(1), •• • ,5<7-i(n))- 

Hence any element x € G I & n is written a; = (/; 7r) for uniquely determined 
/ = (<7i, • • • , g„) 6 G™ and cr 6 6 n and the multiplication rule is 

(i) (A; en) • (/ 2 ;cr 2 ) = (A • (/ 2 ) ffl ;o-i • <r 2 ) 

where (/ 2 ) CTl d = 0(oi)(/ 2 ). The normal subgroup (G" <*){(/; 1 6 J | / e G"} C 
G ! 6 n is often called the base group of G ; S n and denoted by G*. 

The representation theory of wreath products is a typical application of Clifford's 
theory and well- presented in |JKI Chapter 4] . This chapter is a very brief summary 
of |JK1 Chapter 4]. Note that notations and the assumptions for definitions or 
theorems are slightly changed. 

Definition 4.1. For a given composition r? = (ni, • ■ • , n a ) of n and a permutation 
7T e & a , we define irreducible FG* -module E(n;n) = V® { ^ <g> • • • ® V®£? . We 
usually omit tt when n — f e Q • 

Theorem 4.2 ^ j.TKI 4.3.27]). Let n" be as above. The inertia group for E(n) is 
given by {(/; a) \ f e G", a <E 6^}(C G \ 6„). We denote this group by G*6^. 

Definition 4.3 (TJK1 p.154]). Let n and 7r 6e as above. To the underlying vector 
space E(~n\n), we can define a F[G*&i^]-module structure by 

def 

{f; o-)(vx ® • • • ® v„) = giv a -i(x) ® • • • ® #„v CT -i (n) 

where f — (gx, ■ • ■ ,g n ) G G™ and a € S^j. FKe denote this module by E(~n;iv). 
We usually omit -k when 7r = le Q ■ 

Definition 4.4. For a given seguence of p-regular partitions A = (Ai,--- ,A Q ) 
such that X)/3=i \^p\ = n - ^ e write ri = (|Ai|, • • • , |A Q |) and define a irreducible 
F&^-module D(X) = D* 1 ® • • • <g> . 

Definition 4.5 (UH 4.3.31]). Let A and n be as above. To the underlying vector 
space D(\), we define a F[G*&^*]-module structure by 

def 

(/; a)(wi (g) • • • <& w a ) — a(wx ® • • • <8> u> Q ) 

where f = (gx, • • • , <? n ) € G™ and cr G 67?- We denote this module by D( A ). 

Definition and Theorem 4.6 ( .IK 4.4.3]). Let A and n be as above. We define 
a F[G I & n ]-module C(X) by 

G(A) = lnd^i^ ] £(7?)®5(A). 

If A = (Ax, • • • , A a ) € varies while satisfying Y^=x I A" I ~ n ' C(X) varies over 
a complete set of ineguivalent irreducible F[G I & n ]-modules. 
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5. Main Results 

Definition 5.1. Denote by G I & the following inductive system of the wreath 
product groups of G. 

G I 6 = (G I 6 c G I 6i C G I 6 2 c • • ■ ). 

Theorem 5.2. Let G be a group and F be its splitting filed of characteristic p(> 0) 
such that any irreducible FG-module is 1- dimensional. We denote by a the number 
of p -regular conjugacy classes of G and fix a labeling of \rr(FG) = {[Vi], • • • , [Vy }. 
Then G \ & is socle multiplicity-free over F. Moreover, the map 

B* p a — >B F (Gl&), (Ai, ■ • • , A Q ) > [C(Ai,». ,A Q )] 

is an isomorphism as directed graphs. 

Proof. We show the equivalent statement that for any sequence of p-regular parti- 
tions A = (Ai, • •• , A Q ) and 7? = (//i, • • ■ ,fi a ) such that J2i=i M = n > J2i=i Irtl = 
n + 1 , we have 

(2) dimHom GiS „(C( A), Res^®" +1 £7(7?)) < 1 

and the equality holds exactly when the following condition © holds. 



(3) there exists unique 1 < 7 < a s.t. 



(A 7 ,/i 7 ) e E p (recall M p = (V P ,E P )). 
for any 7' ^ 7 we have Ay = 



Let "a = (|Ai|, • • • , |A Q |), b = • • • , |/Xa|),~c = (\Xi\, ■■■ , \X a \, 1) and let 

X = Gl& n+U Y = G n+1 &-g{C X),Z = G n &-g(Q X),W = Gl& n . To avoid 

possible confusion, we reserve the trivial group isomorphism t : (W 3)£7™6-j -—> 
Z. By Frobenius reciprocity, 

dimHom w (C(\), Res^ £7(7?)) = dimHom w (lndG»©^ E{~a) <g> 5(A), Res^ £7(7?)) 

= dimHomcne-, (E(~a ) <g> 5(A), Res^n©^ Res^ £7(7?)) 
= dim Hom G . 6; (E(a ) ® D(\),Res% n<s _, £7(7?)). 
Let f be a (Z, Y")-double coset representatives in X. By Mackey theorem, 
Res*„ e ^ CCJt) = 4 Resf £7(7?) 

= * Resf lnd£(5(~6 ) ® 5(7?)) 

= ' lndf yd - lnz d (Res^ nd - 1Zd E(b) ® 5(7?)) 

as F[£7™6-^]-modules where d M for F[Fnd _1 ^d]-module M stands for a F[dYdr x V\ 
ZJ-module which is obtained by the pullback through the group isomorpshim 

g d : dYd^ 1 HZ Y Dd^Zd, x\-^d~ x xd 

and the same for t. 

Now we recall a necessary fact about the double coset representatives of the 
symmetric groups. Let u±, v% be compositions of n. Denote by Dp* the set of 

minimal length left S^-coset representatives in 6 n . Then D^jj* = Dz} n D^* is 
the set of minimal length (6^, S i7 j)-double coset representatives in S„ |DJ| . In 
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the following discussion, it is important that we know explicitly, that is for 
U2 = (r?i, • • • ,77 re ) we have 

(4) D^ = loE& n : 

I o-(n-17»-i+l)<— <«r(n) J 

By the multiplication rule (JTJ, it is clear that (C 6 n+ i C X) is a (Z, y)-double 
coset representatives in X . 

So we need to compute for each d G 

L(d) d ^ dimHom G „ Sir (5(7?) ® 5(A), * lndf yd - lnZ d (Re Synd - 1Zd 5("fo ) ® 5(7?)) 

We compute this value by taking their (various types of) duals. Note that dual 
operation induces an involution \n(FG) — > Irr(FG). We denote it by r 6 (5 a 
meaning that [V^*] = |V r (i)] for any 1 < i < a. 

Sublemma 5.3. 

(P) D(\)*=D(\) as F[G n 6^}-module. 

(Q) E{~a)* ^E(a;T) as F[G n 6-g]-module and E(b)* ^5(~6;r) as F[G n+1 &-g]- 
module. 

Proof. 

(P) By Theorem 13. II there exists 6 \\ h \ -module isomorpshim <3> fc : D F k -—> (Dp k )* 
for each 1 < k < a. Then it is easy to check that the composition 

D(X) ~ . ® ... ® (£>»* ^ D{\)* 

* i 54---N*<» can 

induces an F[G" S-g-] -module isomorphism Z)( A) ^> D( A)* (see Definition 14.51) . 
(Q) The same as in (P) (see Definition 14. □ 

Therefore, for each d g D^-?, 

c b 1 

(5) 

L(d) = dimHom G „ 6 - (f;( 7?) ® 5(~A), * lndf yd - lnZ d (Re Syn<i - 1Z£i 5(~6 ) ® £>(/?))) 
= dimHom G „ e ^ ((* lndf yd - lnZ d (Resl nd - 1Zd E(b ) ® 5(7?)))*, (5(7?) ® 5(A)) 
= dimHom G " 6 - (' lndf yd -i nz d (Res^ nd - 1Zd 5("fe ; r) ® 5(7?)), 5(7?; r) ® 5(A) 
= dimHom dyd -i nZ { d (Res^ nd - 1Zd E(~b; r) ® 5(7?)), Resf yd - lnZ t_1 (5(7?; r) ® 5(A)) 

Note that <f Yd -1 nZ = G"(d6- ? d" 1 n6- ? )(C X). By restricting to the subgroup 
G" C dYd" 1 n Z, we have 



L(d) < dimHom G » ^Res G I d nZ d (Res£ nd - 1Zd E( b ; r) ® L>(7?)), Resf „ * (E(~a;r) <g>D(A)) 

= dimHom<^((V r(c(d -i (1 j ) ^ 
where we denote by £ (%) for 1 < x < ^ + 1 the unique 1 < £ < a such that 

M h 1- Imc-iI < x < ImiI h 1- I Me I- 

Sublemma 5.4. // L(d) > 0, then there exists unique 1 < j < a smc/i i/iai </ie 
followings are met. 
(A) |Aj-/| = |/^,| /or am/ j' ^ j. 
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(l/*l|>— ,\t*3-i\,\f*3\-lA,\V>3+l\,— >l/*e»|) - 

Proof. We show that j = (n + 1)). Note that 

dimHom G n ((V t(c(< ,-i (1))) ® • ■ • ® V^ (d -i (n))) )® dim5o? \ «; r)® dim5 ^>) 
= dim ) dim 5(A) dim Hom G , ((^({(j-iji))) ® • • • <8> y r(5(d -i ( „ ))) ), £7("o ; r)) 

and the isomorphim between P-vector spaces 

Hom G » ((y r(5(d -i (1))) <g> • • • ® y T(f ( d -i(„)))),^Co;r)) 
= Hom G (y T(5(d -i (1))) , K(c(i))) ® ■ • -«lHom G (y rK(r i (n)))l l/ T((W) ). 
where we denote by C(x) f° r 1 < X ^ n the unique 1 < £ < a such that 
|Ai| + --- + |A c _i| <x< |Ai| + --- + |A c |. 
Hence, if L(d) > 0, we have (by recalling d G P*^ 1 n P>-£ C P^ 1 ) 

'l<d- 1 (l)<---<^ 1 (|Ai|)<|Mi| 

M + 1 < rf _1 (|Ai| + 1) < ■ • • < d- x (|Ai| + |A 2 |) < |mi| + |/i 2 | 

< 

k (n + l) - |/x a | + 1 < d-^n- |A„| + 1) < • ■ ■ < cT^n) < n + 1. 

This implies that we have (A) and (B). Hence it is enough to show that (C) holds. 
Suppose to the contrary, we have 

| H 1- |/*#_x | H- 1 <d _1 (« + l) < M + "- + lA*jl - 1 - 

Because d G Dz} n D-? C P-> we have 

c b — b ' 

H h I + 1) < ■ • • < d(d~ 1 (n+ 1)) =n + l< ••• < d(|/zi| H h |mj ])- 

This is a contradiction. Hence we have proved (A),(B),(C),(D) (for unique j = 
£(<i _1 (n+l))). Since now we know the explicit form of d characterized by (A),(B),(C),(D), 
(JSJ follows by the routine calculation. □ 

Now we assume L(d) > and d be the form in Sublcmma 15.41 for uniquely 
determined j. By restricting to the subgroup U\.d C dYd~ l PI Z , we have 

L(d) < dimHom^ (Res^f * nz d (Res£ nd - 1Zd 5(6^; r) <g> 5(7?)), Res* d t_1 (P(7?; r) ® 5(A))) 
= dimHom £/l , (J ( 5 (Res^(i?(7?)® dim ^))),Res^r 1 ^(A)® dim ^^)) 
= dimHom^ ( 5 (Res^ DQt)), Res®; ( T "p( A ))) 
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(B) | A, | + l = |^l- 

(C) d(|Ai| + --- + |A J | + l) = n+l. 

(D) d-\l) <■■■< d- x (n). 
Moreover, we have 

U ld = f d6 1 >d- 1 n&-g = 
(6) ' t 

U 2 ,d = f e t nd~ 1 &^d = 



where T = f t|g_, : G-g — > &s and S = f gdl^ d : f7i,d — ► &2.d- Note that here we 
use the fact that Res^ 2 d (E( b ; r)) is a trivial [7 2 ,d-niodule and Res^ (* 1 E(~a; r)) 
is a trivial ^-module because (any irreducible _FG-module is 1-dimensional and 

hence) dimi?( b ;r) = dimi?( a*; r) = 1 (see Definition 14. 5[1 . 

By the explicit form of d characterized by (A),(B),(C),(D) in Sublemma l5.4l and 
©, we have an isomorpshim as F- vector spaces 

(8) 

Homy,, ( 5 (Res^ d D(jt)), Res®* f" 1 ^ X ))) 

a Hom e|Ai| (£»^,£»^) <8)---®Honi S|x . | (ReSg l | ^ l | +1 £>£',£#) ® ...®Hom e|io| (^,^). 

Applying (classical or Klcshchcv's modular) branching rule for the symmetric 
groups, we have just proven that 

• © holds. 

• if the equality for (0) holds then I© holds. 

So it remains to show that the equality for J5J) holds if @ holds. 

Sublemma 5.5. Let Q be a group and Qi,02 be its subgroups such that Q1Q2 = G 
and Q\C]Q2 = {Ig}- Suppose we are given 4 representations of G 

Pi ■ Q — ► GLp.(Vj) (* = 1,2) 
►GL F (W i ) (i = l,2) 

smc/i /or any 171 G £1 and #2 G Q2, we have 

pi(gi92) = pi (51), P2(gm) = pufa) 
^i(gm) = ipi(gi), ^2(5152) = ^2(52)- 

TTien we /lave t/ie inequality 

dimHom g (Vi ® V 2 , Wi ® W 2 ) 

> dimHom 6l (Resg 1 Vi, Resg i Wi) ■ dimHom e2 (Resg 2 V 2 , Resg 2 W 2 ). 

Proof. Note that there is a natural injection (between i^-vector spaces) 

Hom ai (Resg i Vi, Resg 1 Wi) ® Hom g2 (Resg 2 V 2 , Resg 2 W 2 ) 
^ Hom e (Vi <g) V 2 , Wi (8 W 2 ) 
that sends <pi (8 y?2 to ® 992- D 

Let us assume that © holds. Put j = 7 and take d € D_> characterized by 
(A),(B),(C),(D) in Sublcmma l5.4l As in the above discussion, we have only to show 
that L(d) — 1. Apply Sublemma 15 . 51 under 

G = dYd- 1 nz = G n u ljd (cx), g 1 = G n {QQ), G 2 = u ljd (cg) 

V l = d (ResUg d E(b; r)), V 2 = d (Res*l 1£(i 5(7?)) 
Wi = Res§ f^E^r)), W 2 = Resf (* _1 £>( A ))) 
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and we have 

L(rf)i dimHom dre2 - lnz ( d (Res£ nd - 1Zd E(b; r) ® 5(7?)), Resf yd - lnZ r) ® 5(A))) 

= dim Home* (Vi <8> V 2 , Wi <g> W 2 ) 

> dimHomg^Res^ V 1} Res^ W x ) • dimHom g2 (Resg 2 V 2 , Res| 2 W 2 ) = E1 1. 

Because the converse inequality © has been already established, we reach to 
the conclusion that L(d) = 1. □ 
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